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THERMAL RESISTANCE OF A SYSTEM OF PARALLELEPIPEDS 

G. N. Dul'nev and I~. I. Ermolina UDC 536.248.1 

A method is proposed for caiculatlng the thermal  res is tance  of a sys tem of parailelepipeds with 
a local source  Which is encountered in the analysis  of the thermal  conditions in hybrid integral 
microc i rcu i t s .  

Many applied problems,  par t icular ly  problems associated with the analysis of therma [ conditions in mi-  
e roe lec t ronic  devices ,  reduce to a thermal  model which is a ~pyramid ~ of n unlike parallelepipeds of different 
sizes (Fig. la). In the actual construct ion,  the parallelepipeds forming the pyramid are the backing, "chips,,, 
adhesive layer,  switching plate, base,  etc. [1]. There  are rectangular ,  flat energy sources  on the upper s u r -  
face of the f i rs t  parallelepiped. Thermal  contact between adjacent surfaces  is assumed ideal. Heat dissipation 
f rom the lower surface of the n-th paraltetepiped obeys Newton's law and is charac ter ized  by a heat-exchange 
coefficient a;  there is no heat exchange at the lower surfaces .  

The exact mathemat ical  descr ipt ion of the tempera ture  field in such a system is ra ther  complex and 
hardly can be used for pract ical  purposes.  Calculation of the thermal  res is tance  from the source to the en-  
vironment  is usually based on the construct ion of an equivalent c i rcui t  represent ing a chain of s e r i e s - c o n -  
nected thermal  res i s tances  [1-4]. It is fur ther  assumed that the interfaces are  isothermal.  

We analyzed the possibility of such an approach for  the following problem: a bounded cyl inder  with a local 
energy source on one end and boundary conditions of the f i rs t  and third kind on the opposite end. The thermal  
res is tance  from the source to the environment was calculated in the two cases .  A compar ison of the resul ts  
showed that the values of the thermal  res is tance can differ by almost  a factor  of two for given values of the 
Blot number and given rat ios of cylinder and source sizes.  Therefore ,  determination of the thermal  res is tance 
of this sys tem must  be car r ied  out with considerat ion of hea t - t r ans fe r  conditions at the hea t - re leas ing  s u r -  
faces of each body. A method is proposed below for which sequential application provides an accuracy suffi-  
cient for pract ica l  purposes  without significant complication of the computational p rocess .  

M e t h o d  f o r  D e t e r m i n a t i o n  o f  T h e r m a l  R e s i s t a n c e  

We shall show that for this sys tem of bodies, the problem of determining the total thermal  res is tance 
f rom energy source to environment can be reduced to a problem of determining the thermal  res is tance of the 
f i rs t  parallelepiped, the hea t - t r ans fe r  conditions at the lower boundary of which are  charac ter ized  by an 
equivalent coefficient al  that includes the effect of all the other parallelepipeds (Fig. lc). 

To determine the value of oh, we consider  successively the temperature  field of each i-th paralieiepiped, 
for which the thermal  model can be represented in the following manner:  on the upper face of the para[lelepiped, 
there is a fiat energy source with an intensity p and area Si-1; on the lower surface,  heat t ransfer  is c h a r -  
acter ized by a hea t - t r ans fe r  coefficient c~ i, which takes into account the effect of all the remaining (n - i) 
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Fig.  1. T h e r m a l  mode l s  
(a, b,  c) for  ca lcu la t ing  
the t h e r m a l  r e s i s t a n c e  of 
hybr id  in tegra l  m i c r o -  
c i r c u i t s .  

pa ra l t e l ep tpeds  with the o ther  s u r f a c e s  t h e r m a l l y  insulated (Fig. lb).  

F o r  the lowest  pa ra l l e tep iped  (i = n), the quanti ty a n is known and c h a r a c t e r i z e s  the ac tua l  condi t ions  of 
hea t  exchange with the env i ronmen t ,  a n = a .  We define the t h e r m a l  r e s i s t a n c e  of the n - th  para l le tep iped  f r o m  
its con tac t  su r f ace  to the e n v i r o n m e n t  in the fol lowing m a n n e r :  

R;, = h~ 

Here  ~/n is a eoeff ie ient  which takes  into aeeount  sp read ing  of the t h e r m a l  flux over  the th iekness  of the p a r a l -  
lelepiped.  

To  d e t e r m i n e  an_  1, the equivalent  eoeff ie ient  of heat  exehange for  the (n - 1)- th para l le lep iped ,  we r e p r e -  
sent  the quanti ty R n in the f o r m  

1 R a -  
~n_iSn_l (2) 

We then have f r o m  Eqs .  (1) and (2) 

%,-1 ~ h,,y,~ (%, h~,, S n, S,~_1) " (3) 

Now cons ide r i ng  the (n - 1)- th pa ra l t e lep iped ,  we e x p r e s s  its t h e r m a l  r e s i s t a n c e  s i m i l a r l y  through the 
c o r r e s p o n d i n g  g e o m e t r i c  p a r a m e t e r s ,  coef f ic ien t  of t h e r m a l  conduct iv i ty  )in-i, and coef f ic ien t  of heat  exchange 
an_  1. Repea t ing  this opera t ion  s u c c e s s i v e l y  fo r  each  i - th  pa ra t l e tep lped ,  we obtain 

~e';-] 
5"i = [le~t~'i+l (~'i+*, hi+z, Sg+p Si) ' (4) 

he 
R i -  ).~Se_l ~,'i (%, hi, Se, Se_a). (5) 

In the final ana lys i s ,  we obtain the equivalent  hea t - exchange  coef f ic ien t  a l  at the boundary  between the 
f i r s t  and seeond pa ra l l e l ep ipeds  (Fig. le) .  Then the t h e r m a l  r e s i s t a n c e  f r o m  the sou rce  on the upper  su r f ace  
of the f i r s t  pa ra l l e lep iped  to the e n v i r o n m e n t  has the f o r m  

R1 = hi ~}1 (~1, hi, S1, Ss). (6) 
~'1S s 

Analy t ic  e x p r e s s i o n s  fo r  the d e t e r m i n a t i o n  of the quant i t ies  Yi can  be obtained by both exact  [5] and a p -  
p rox ima te  [6, 7] methods .  F u r t h e r m o r e ,  it is usual ly a s s u m e d  that the t h e r m a l  flux dens i ty  in the reg ion  o c -  
cupied by the sou rce  is un i fo rmly  d i s t r ibu ted ,  i .e . ,  q = eonst .  

In this p r o b l e m ,  the a s s u m p t i o n  q = cons t  can be cons ide red  valid only fo r  the top para l te iep iped ,  on the 
su r f ace  of which the ac tua l  s o u r c e s  a re  located.  F o r  the r ema in ing  pa ra l l e l ep ipeds ,  the t h e r m a l  flux density- 
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Fig.  2. T h e r m a l  flux densi ty d is t r ibut ion at contact  su r faces .  

Fig. 3. F o r m  of the function (p(P/ai) for  var ious  p a r a m e t e r  v a l -  
ues: 1) / i / L i  = 0.5; 2) 0.3; 3) 0.1; solid cu rve ,  Bi i = 0.2, h i /  
L i = 0 . 0 5 ; d a s h e d c u r v e  , Bi i = 0.2, h i / L  i = 0.1; dashed-dot  curve ,  
Bi i = 0.01, h i / L  i = 0.1. 

d is t r ibut ion at the contact  sur face  is nonuniform, q(x, y),  and depends on hea t -exchange  conditions and the 
ra t io  of para l ie lepiped  s izes .  In o rde r  to use the analyt ic  expres s ions  for  Yi obtained for  q = coas t ,  t he re fo re ,  
it is n e c e s s a r y  to check the validity of this condition for  the calculat ion of the t h e r m a l  r e s i s t ance  of each i- th 
para l le lep iped  in this sys tem.  This  check mus t  include the following: de te rmina t ion  of the nature of the d i s -  
t r ibut ion q(x, y) as a function of the Biot number  and of the ra t io  of para l le lepiped  s izes ;  a quanti tat ive eva lua -  
tion of the nonuniformity of the t he rm a l  flux density dis tr ibut ion;  and an evaluat ion of the e r r o r  in the d e t e r -  
minat ion of the t h e r m a l  r e s i s t a n c e  of a para t le lep iped  as  a function of the nonuniformity index selected.  

E v a l u a t i o n  o f  N o n u n i f o r m i t y  o f  T h e r m a l  F l u x  D e n s i t y  

We cons ider  the t he rm a l  model  of the i - th para l le iep iped  (Fig. lb).  We f i r s t  a s sume  that the density 
of the energy source  located on the upper  su r face  is constant  and equal  to q0- We invest igate  the nature of the 
t he rma l  flux densi ty dis t r ibut ion q(x, y) at the lower sur face  (Fig. 2) on the bas is  of the Blot number  Bi i and 
the ra t io  of source  and para l ie lepiped  s izes .  We r e p r e s e n t  the dependence q(x, y) in the following fo rm:  

q (x, y) = qo~ (x, y). (7) 

In accordance  with the pr inciple  of local  effect ,  we make an approx imate  subst i tut ion for  the functions of two 
va r i ab le s  q(x, y) and V (x, y) with functions of a single va r iab le ,  

q (x, y) ~ q (P); P~ (x, y) ~ p~ (9); P = l /  x~ + Y~. 

Consider ing,  in pa r t i cu l a r ,  a square  source  of length l i on a side located in the cen te r  of the upper  face of a 
square  plate of length Li on a side and thickness  hi, we r e p r e s e n t  the function p (p) in the d imens ion less  fo rm 

~ t ( ~  p ) = ix(0)q)(-~ ) ,  L2=~a~.~ (8) 
Gi 

Here  ~0(p/ai) is a normal ized  function which de t e rmines  the nature of the t h e r m a l  flux density dis t r ibut ion on 
the lower sur face ;  p (0) is the value of g at  the source  cen te r  P = 0. The function q~(p/a t) is shown in Fig. 3. 
The cu rves  in this f igure were  obtained by exact  solution of the appropr ia te  p r o b l e m  of t he rma l  conductivity 
for  var ious  individual p a r a m e t e r  r a t ios  h i / Li, ~t / LI, and Bi b 

The nonuniformity in t h e r m a l  flux dis t r ibut ion can be quanti tat ively evaluated by var ious  methods.  The 
m o s t  genera l  r e su l t s  a re  obtained if the following re la t ion  is selected as the nonuniformity c r i t e r ion :  

n - -  q~ : (9) 
q~ 

H e r e  qs is the mean  sur face  t h e r m a l  flux densi ty  

qs ~. 

a i �9 1; 
na~ q (P) 2npd9, 

0 
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F i g .  4. Dependence  of nonun i fo rmi ty  c r i t e r i o n  ~? on v a r i o u s  f a c -  
t o r s :  1) Bi i = 0.01; 2) 0.2; so l id  c u r v e ,  h i / L  i = 0.2; d a s h e d - d o t  
c u r v e ,  h i / L  i = 0.1; d a s h e d  c u r v e ,  h i / L  i = 0.05. 

F i g .  5. Dependence  of t h e r m a l  r e s i s t a n c e  of a p a r a l l e l e p i p e d  on 
nonun i fo rmi ty  of t h e r m a l  f lux in the s o u r c e  r e g i o n :  1) Bi  i = 0 -  
0.1,  h i / L  i >_ 0.05; 2) Bi  i = 10; d a s h e d  c u r v e ,  h i / L i  = 0.2; 
d a s h e d - d o t  c u r v e ,  h i / L i = 0.1; so l id  c u r v e ,  h i / Li = 0.05. 

and qa is  the t h e r m a l  f lux d e n s i t y  a v e r a g e d  ove r  the r a d i u s  

1 f = - -  q ( , o )  dp. 
qa a~ . 

0 

Keep ing  Eqs .  (7) and (8) in mind ,  we obta in  
l 

,t \ a i / ai 
o 

, 1=2  

0 

(I-0) 

F i g u r e  4 shows  v a l u e s  of the c r i t e r i o n  77 obta ined  f r o m  Eq. (10) by n u m e r i c a l  i n t e g r a t i o n  of the func t ions  #o(p/ai)  

(Fig.  3) and m ( o / a i ) ( P / a i )  f o r  the fo l lowing  p a r a m e t e r  r a n g e s :  l i / L  i = 0-1;  h i / L  i = 0-0 .2;  Bi  i = 0-0 .2 .  

T h e r m a l  R e s i s t a n c e  a s  a F u n c t i o n  o f  t h e  P a r a m e t e r  

We now c o n s i d e r  the e f f ec t  of n o n u n i f o r m i t y  in the t h e r m a l  f lux d i s t r i b u t i o n  f r o m  the s o u r c e  on the t h e r -  
m a l  r e s i s t a n c e  of the p a r a l l e l e p i p e d .  We a s s u m e  t h e r e  is  a s o u r c e  on the uppe r  face  of the i - t h  p a r a l l e l e p i p e d  
wi th  a nonun i fo rm  t h e r m a l  f lux d e n s i t y  which  is  c h a r a c t e r i z e d  by the r e l a t i o n  shown in F ig .  3. We poin t  out tha t  
th is  r e l a t i o n  is a s t ep  funct ion  c o n s i s t i n g  of m s t e p s  a s  shown in F ig .  3. Then  the e n e r g y  s o u r c e  can  be r e p r e -  
s en ted  as  a s u m  of m s o u r c e s  of d i f f e r e n t  s i z e s  l i / L i  and a un i fo rm  d e n s i t y  qj ,  the  va lue  of which  is 

The  m e a n  s u r f a c e  hea t i ng  of the r e g i o n  Sj occup ied  by each  of the j s o u r c e s  is  d i s .  The  a c t u a l  e n e r g y  s o u r c e  
o c c u p i e s  the a r e a  Sm c o r r e s p o n d i n g  to  j = m. E a c h  of the j s o u r c e s  i n c r e a s e s  the  m e a n  hea t ing  of the a c t u a l  
a r e a  Sm by d j s  = S j / S m .  Then  the m e a n  s u r f a c e  hea t ing  by the s o u r c e ,  d s ,  on the b a s i s  of the s u p e r p o s i t i o n  
principle is 

A . ~  S . ,  
i=i 

By definition, the value of ,~js is 

~S~ = qsS~Rj, (13) 
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TABLE 1. Input Data fo r  the Calcula t ion  of the T h e r m a l  Res i s tance  
of a Sys tem of Cyl inders  

Cylinder number 1 e 3 

Coefficient of thermai 
~onaucjivity, xi, 

/ m .  rx 

Height  
h i ,  m 

Diameter 
2ai, m 

0,2.10-~ 

4.10-a 

0,3.10-3 

6 . 1 0  - 3  

0,4.10-a 

8.10-a 

where  the t he rma l  r e s i s t a n c e  Rj on the bas i s  of Eq. (5) has the f o r m  

ht 
Rj = ~ 7u. 

4 5 

i 

l 20 
-i I 
t 0,5.10_a 0,5.10-3 

10.10-a 10.10-3 

Then the t h e r m a l  r e s i s t ance  of a para l le lep iped  for  nonuniform the rma l  flux dis t r ibut ion is 

(14) 

O o 4 - -  tc 
RNi= p -- ~ (15) 

We compare  the value of the t he rm a l  r e s i s t ance  RNi for  the i - th  para i le lepiped as de te rmined  f rom Eq. 
0-5) with the value of the t he rma l  r e s i s t ance  Ri for  the same para i le lepiped  with a uniform the rma l  flux d i s -  
t r ibut ion as de te rmined  f rom Eq. (5). Keeping Eqs. (11)-(15) in mind and ca r ry ing  out the n e c e s s a r y  a lgebra ic  
t r a n s f o r m a t i o n s ,  we finally obtain 

_ i= a T I J  Srnvi"~ 

Ri n~ 
(16) 

The quantity R N i / R  i c h a r a c t e r i z e s  the effect  of t he rma l  flux nonuniformity on the t he rma l  r e s i s t ance  of a 
para l le lepiped.  F igure  5 shows the dependence of the r a t io  R N i / R i  on the value of the c r i t e r ion  ~7 for  var ious  
values  of the other  p a r a m e t e r s  hi / Li, li / Li, and Bi b 

Analys is  of the r e su l t s  makes  possible  the following conclusions.  

1. The t he r m a l  r e s i s t ance  depends only on the c r i t e r ion  ,? in the region h i / L i  > 0.05, Bi i < 0.1; the 
t h e r m a l  r e s i s t ance  depends on ~ and on Bi i in the region hi / Lii > 0.2, Bi i > 0.1; the t h e r m a l  r e s i s t ance  d e -  
pends on Bi i, ~, and h i / L i  for  ve ry  sma l l  re la t ive  thickness  of a para l le lepiped (h i / L i  < 0.05). Consequently,  
one can pick out a cons iderable  range of p a r a m e t e r s  in which the t h e r m a l  r e s i s t ance  depends only on the 

c r i t e r i a  r/ and Bi i, which conf i rm the advisabi l i ty  of select ing the c r i t e r ion  ~ for  evaluation of t he rma l  flux 
nonuniformity in the source  region.  

2. The effect  of t he rm a l  flux nonuniformity of contact  su r faces  can be neglected for  77 > 0.6. The e r r o r  
in the de te rmina t ion  of the t he rm a l  r e s i s t ance  of an individual para l le lepiped  does not exceed 25~;, which is 
accep tab le  in many cases .  

F r o m  Figs .  4 and 5, one can e s t ima te  the value of the co r r ec t i on  R N [ / R i  without r e s o r t i n g  to a c a l cu l a -  
tion of the t he rma l  flux dis t r ibut ion at  contact  su r f ace s  and take it into account in the calculat ion of the total  
t h e r m a l  r e s i s t ance  of a s y s t e m  of bodies.  

E v a l u a t i o n  of  A c c u r a c y  of  t h e  M e t h o d  

It  is p rac t i ca l  to compare  calculated r e su l t s  for  the t he rma l  r e s i s t ance  of a s y s t e m  of bodies obtained 
by the proposed method with calculated r e su l t s  obtained f rom the method of t he rma l  r e s i s t a n c e s  connected in 
s e r i e s  and a l so  with s i m i l a r  r esu l t s  obtained by a numer ica l  method. The capabi l i t ies  of an average  type of 
compu te r  do not pe rm i t  numer i ca l  calculat ion of the th ree -d imens iona l  t e m p e r a t u r e  field for  such complex 
s y s t e m s .  Such a compar i son  was  the re fo re  p e r f o r m e d  for  a s y s t e m  of bodies of cy l indr ica l  shape having 
the rmophys i ca l  p rope r t i e s  and d imens ions  given in Table  1. The ra t ios  of s izes  and of coeff icients  of t h e rma l  
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conductivity were selected to be s imi lar  to those encountered in actual microc i rcu i t s .  The radius of the energy 
source on the upper surface of the f i rs t  cylinder was 1 - 10 -~ m and the specific power was q0 = 2- 105 W / m  2. 

The calculation determined the heat of the center  of the source with respec t  to the lower surface of the 
last cylinder,  for which the tempera ture  field can be assumed uniform (~5 = 20 W / m .  ~ A compar ison of the 
values for the heating gives the following resul t s :  numerical  method, 108.9~ proposed method including the r -  
mal flux aonuniformity at contact  sur faces ,  109~ proposed method without inclusion of nonuniformity, 112~ 
method of ser ies -connected  the rma |  r es i s t ances ,  49 ~ 

A compar ison of the results  shows that calculation by the proposed method can be made in some cases 
without considerat ion of thermal  flux nonuniformity at contact sur faces ,  which leads to smal le r  e r r o r s  than the 
assumption of isothermici ty at those surfaces .  In addition, an evaluation of the accuracy  of the method was 
made on the basis of a comparison of the resul ts  of an experimental  determination and of a calculation by the 
proposed method of the thermal  res is tance of actual microc i rcui t s .  The divergence of the resul ts  did not ex-  
ceed the spread in the value of the thermal  res is tance  of a microc i rcu i t  caused by instability in technical p ro -  
cedures .  

N O T A T I O N  

P, power of energy source;  q, flux density; hi, coefficient of thermal  conductivity of the i-th pa ra l -  
[elepiped; Si, Si-1, a reas  of the i- th and (i - 1)-th paralletepipeds;  hi, height of the i-th parallelepiped; Bi i = 
~ ih i /h i ,  Blot number of the i-th parailelepiped; tc, ambient tempera ture ;  ~ = t - tc, heating. 
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THEORY OF NEW KINETIC METHODS OF MEASURING THE 

MASS-TRANSFER PROPERTIES OF DISPERSED SOLIDS 

V. M. K a z a n s k i i  UDC 66.047.35 

The solution of the general ized m a s s - t r a n s f e r  equations with variable coefficients is used as a 
basis for  developing the theory of various new methods of determining the t ransfer  c h a r a c t e r -  
istics of dispersed solids with finite moisture  contents. 

Methods of experimental ly determining the m a s s - t r a n s f e r  charac te r i s t i cs  bf highly dispersed,  mois tu re -  
containing solids employed at the present  time are subject to a number of fundamental shortcomings which 
great ly  reduce the accuracy  and reliabili ty of the resul ts  obtained. Prac t ica l ly  all the methods of measuring 
m a s s - t r a n s f e r  cha rac te r i s t i c s  are  analogous to the corresponding hea t - t r ans fe r  methods. At the same time, 
mass  t rans fe r  differs  very considerably f rom heat t ransfer ,  despite the  identical nature of the t ransfer  equa- 
tions. Thus, the use of any par t icular  solution of the heat-conduction equation as a basis for  the development 
of methods of determining m a s s - t r a n s f e r  coefficients is frequently unreliable, even though the corresponding 
thermophysica[  procedure has been thoroughly vindicated. 
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